Abstract-Spatial beam compression of an electromagnetic wave is one of the fundamental techniques employed in microwaves and optics. As there are many ways to achieve this task using the combination of prisms and lenses, recent research suggests the parabolic gradient index photonic crystals (GRIN PC) for the design of spatial beam compressor owing to its functionalities. However, the fabrication of a graded media with the parabolic profile is a difficult challenge in practical realization. As an alternative, present work attempts this problem with respect to the triangular gradient index profile. The performance and aspects of the beam compression are investigated experimentally using the pillar type GRIN PC at the microwave length-scales. The utility of the device for an effective beam injection to the photonic-waveguide component is further demonstrated experimentally.
INTRODUCTION
Photonic crystals (PCs) are the periodic arrangement of dielectric constituents in one, two, and three dimensions that show various electromagnetic (e-m) phenomena including ultra-divergence, selfcollimation, and negative refraction [1] [2] [3] [4] [5] .
Gradient variations introduced in the lattice period, filling factor, and dielectric constant of these periodic media (referred as Gradient Index Photonic Crystals (GRIN PC) [6] ) can provide efficient light molding applications such as spatial beam compression [7, 8] , effective control over light propagation [9] , optical absorbers [10] , directional cloaking [11] etc.
Among several applications, spatial beam compression of an e-m wave is paid much attention, as it would be the fundamental principle for the realization of couplers in integrated and transformational electromagnetics [12] [13] [14] . The recent investigation [8] reveals the beam compression aspect of the parabolic GRIN PC lens with the index profile given as n(r) = n 0 (1 − α 2 2 r 2 ), where n 0 is the refractive index along the optical axis of the GRIN PC lens, α is the gradient coefficient (m −1 ), and r is the geometrical coordinate (m)). The design principle of the beam compressor involves the combination of two GRIN PC lenses with different focal lengths, where the first PC focuses the parallel beam into a minimum spot size and the second lens will either collimate or diverge the minimum spot size according to the frequency dispersion.
This approach guarantees a larger beam compression ratio (input beam width to the output beam width) with respect to the frequency dependent focal lengths. However, for practical realization, one has to fabricate the parabolic graded media with the greatest precision. For example, to produce a quadratic change in the refractive index (parabolic profile), one has to produce similar change in the dimension of the PC pillars. This would be a challenging task, as the fabricating errors are larger than the actual gradation required [15] .
To overcome this constraint, beam compression aspect can be studied with respect to the linear index distribution such as the triangular index profile. In a periodic media, this profile can be easily created through the linear variations in the dimension of the PC pillars. This paper reveals the aspects of the triangular index profile for the spatial beam compression and experimental investigations are carried out at the microwave length-scales. Moreover, the compressing ability of the device is utilized for the realization of effective beam injector and it is demonstrated experimentally owing to its microwave photonics applications.
DESIGN PARAMETERS AND NUMERICAL RESULT

Group Index Calculations
Pillar type photonic crystals consisting of square lattice arrangement of PTFE (polytetra fluoro ethylene -relative dielectric permittivity is 2.1) rods arranged in an air background is considered for the realization of the beam compressor. The investigation is done with the transverse magnetic (TM) polarization, where E-field is parallel to the axis of the pillars. To form the graded index profile, one has to compute the group index for various filling fractions. This is done with the help of plane wave expansion based open-source solver MPB [16] . The procedure is to solve for the band structure of the periodic media, and the group index at a given frequency is calculated through the Hellman-Feynman theorem [17] .
In Figure 1 (a), the group index is plotted as a function of the radius of the pillars at a normalized angular frequency of 0.192 (2πc/a). This frequency is chosen within the homogenous response of the GRIN PC (Eigen frequency contours are circular for the pillar radius varies from 0.041667a to 0.41667a) ranging from 0.18 to 0.34 (2πc/a). If a = 1.2 cm, then the radius varies from 0.05 cm to 0.5 cm and the frequency range varies within 4.5 to 8.5 GHz.
The computed group indices are fitted with the triangular index profile given as
where n(r) is the position dependent refractive index, 'r' is chosen along the vertical direction of the PC, and α is the gradient coefficient (m −1 ). It may be noted that Eq. (1) is a representative of the triangular profile for a periodic media but for the modal dispersion analysis, one may need to redefine it to the other form of expressions, as discussed in fiber optics [18] . Figure 1(b) shows the triangular index fit for three different α's. Along with the theoretical fit, group indices for the commercially available pillar radius at a given α are also shown in Figure 1 (b) with the solid circles, squares and diamond markers. It may be noted that in all the three cases, the center pillar radius is taken to be 0.5 cm, which has the maximum group index value of 1.276.
Design Parameters
The result of Figure 1 is used for the formation of beam compressor. It may be noted that Ref. [8] derives the design of the parabolic GRIN PC according to the Gaussian optics approximations [19] . For example, the focal length of the parabolic GRIN PC lens is approximated to the 1/4th of the pitch length of the GRIN medium given as f = π 2α , where 'f ' is the self-focusing length of the GRIN medium and α is the gradient coefficient. This approximation is also adopted for the GRIN PC lens with the triangular index profile. It is necessary to verify the validity of such approximations for a triangular index profile. Hence, focusing length of the GRIN medium with parabolic and triangular index profile is evaluated using finite-difference time-domain based e-m solver CST MWS [20] . Figure 2 shows the focusing effect of the GRIN medium formed by the parabolic and triangular index profiles with respect to the common α = 0.1172a −1 at the frequency of 7.1 GHz. In both the cases, the GRIN medium has 31 rows with the lattice period of a = 1.2 cm. Plane wave excitation is used for the computation and perfectly matched boundary condition [21] is employed around the computational domain to terminate the open space.
Figures 2(a) and (b) show the focusing effect for the parabolic GRIN medium at 7.1 GHz, where the focal length calculated from the electric field intensity profile is found to be around 15.9 cm. Similarly, for the triangular GRIN medium (given in 2(c) and (d)) the focal length is found to be around 17.1 cm. Both these values are closer to the theoretical value (f = π 2α ) of 16.08 cm for a given α = 0.1172a −1 , where 'a' is taken to be 1.2 cm. Hence, the focal length approximation used for the parabolic GRIN PC may also be taken for the triangular GRIN PC for further analysis.
The beam compressor investigated in this work is shown in Figure 3 . It involves a combination of two GRIN PC lenses, where PC1 is graded with the α P C1 = 0.1172a −1 and PC2 is graded with the α P C2 = 0.175a −1 . The explicit position of the pillar radius and its variation is also given in Figure 3 . The lengths of the PC1 and PC2 are chosen using f = π 2α , where PC1 has a length of 13a and PC2 has a length of 9a respectively.
Numerical Results
The beam compression aspect of the design given in Figure 3 is studied using the finite-element method (FEM) based e-m solver FEMLAB [22] . Figure 4 shows the results of the frequency dependent beam compressibility with respect to the different input beam apertures.
For the first case, the compression is probed for a finite aperture size of 7.2 cm (an arbitrary choice). The E z field map given at 4.8 GHz in Figure 4 input/output electric field intensity (|E| 2 ) profiles shown in Figure 4 (b) reveal the spatial beam compression ratio around 2 : 1. On the other hand, for the same aperture size, the E z field map given at 7.1 GHz in Figure 4 (c) and FWHM of the input/output |E| 2 profiles (Figure 4(d) ) show the compression ratio around 4 : 1. According to Ref. [8] , for the given gradient coefficients (α P C1 = 0.1172a −1 and α P C2 = 0.175a −1 ), one should expect the beam compression ratio
around 1.5 : 1. However, this empirical ratio does not taken into account of the frequency dispersion condition, where the effective focal length of the system is frequency dependent.
For example, as per the Gaussian optics approximations, GRIN lens with the focal length 'f ' will change the incident beam width (W 0 ) into the output beam width of W 1 as
here λ is the applied wavelength. By substituting the values of W 1 and W 0 , one can retrieve the effective focal length of the configuration as 8.1 cm at 4.8 GHz and 7.3 cm at 7.1 GHz respectively. On the other hand, the frequency independent equation for the combined focal length of the configuration can be written as
Here f 1 and f 2 are the focal lengths of the GRIN PC1 and GRIN PC2 defined according to the plane wave (no finite aperture) approximation as f = π 2α , where α is the gradient coefficient. The approximated value of f 1 = 13a and f 2 = 9a yields the combined focal length of 6.4 cm as per Eq. (3). This comparison reveals the frequency dependent characteristic of the GRIN PC lens and the higher beam compressibility is attributed to the entrance aperture effect.
For the second case, the beam compression is probed with respect to size of the input beam aperture. The E z field map given in Figure 4 (e) at 7.1 GHz reveals the compression effect for a smaller beam aperture of size 4 cm. Unlike in Figure 4 (c), the focusing effect is not dominant in Figure 4 (e) and this will result in reduced beam compression ratio of 1.76 (Figure 4(f) ). This is in accordance with the Eq. (3), where input beam width plays major role in the beam compression aspect.
To verify the above numerical results, two different microwave apertures are considered in the experimental demonstration. J-band (4.5 to 8.2 GHz) and the X-band (6.8 to 8.5 GHz) horn antennas are used for the excitation of larger input beam-widths. Passive waveguides are considered as the sources for the smaller beam apertures.
EXPERIMENTAL INVESTIGATIONS
Beam compressor design given in Figure 3 is fabricated using PTFE rods and the experimental set up is given in Figure 5 . The measured (using Transmission-Reflection line method [23] ) dielectric constant of the PTFE is ε r = 2.001 − j0.006. Height of the rods is taken to be 10 cm and this choice ensures the reduction in the out-of-plane radiation losses due to the finite third dimension of the PC (It may be noted that in optical length-scales, reasonable estimation on the choice of the height of the PC slab is available for effective vertical confinement mechanisms [24] ). The rods were arranged in a square lattice symmetry with the periodicity of a = 1.2 cm.
The beam scanning measurements are carried out with vector network analyzer (N5230A). The beam coming from the J-band horn antenna is given as an input to the GRIN PC and the antenna is placed behind the beam compressor as shown in Figure 5(a) . Monopole attached to the coaxial cable is used as the detector and it is mounted on a Vernier microscope for beam scanning. The beam compression aspect for a larger beam aperture given in Figure 5(b) shows the input/output FWHM profiles for 7.1016 GHz. It is evident that the ratio of the input beam width (8.370 cm) to the output beam width (2.640 cm) is around 3.2 at 7.1016 GHz.
The beam compression ratio for other range of frequencies (4.5 to 8 GHz) is given in Figure 5 in-between 2 : 1 to 4 : 1. The larger value obtained at the higher frequencies reveals the entrance aperture effect and importantly the frequency dispersive characteristics of the GRIN PC lens.
On the other hand, for a smaller beam aperture (given with red open squares), the compression ratio is found to be around 1 : 1 for the range 4.5 to 5.5 GHz and 2 : 1 for the range 6 to 6.9 GHz. In case, if an input beam width matches to that of the GRIN PC mode, one can expect the self-collimation phenomenon, where the beam width is undistorted over the entire device [7] . The beam compression ratio of 1 : 1 observed in Figure 5 (c) reveals the domination of collimation effect, where the e-m beam is confined and guided along the optical axis due to the higher refractive index.
APPLICATION -ELECTROMAGNETIC BEAM INJECTOR
The utility of this beam compression aspect can be explored with respect to an effective beam injection in microwave photonic devices.
Injecting an e-m beam from free space or from a source component to any guiding medium is an inevitable task in many branches of microwave and optics. The common objective is to improve the coupling efficiency, reducing the return losses and increasing the operational bandwidth. There have been different mechanisms to achieve the above task and in particular, the following three are reported based on the photonic crystals; 1 PC concave lens configuration [12] -This approach utilizes the negative refraction concept in PC concave lens so that the larger size beam width can be focused on to a waveguide device with the sub-wavelength focusing. Disadvantages are the limited bandwidth of negative refraction and aberrations due to the geometrical curvature. 2 Tapered Waveguide [13] -It accompanies the introduction of gradient tapers in the PC waveguides for the effective coupling of an input beam. This approach has a constraint on the nature of the source and its beam width, but for most of the laser applications, this approach is sufficient. 3 GRIN PC coupler [14] -This approach is based on the concept of strong focusing effect of the single gradient lens for the effective coupling in a waveguide device.
Among the three different approaches, the graded index approach gives the promising features of a coupling element. It is important to note that as in Ref. [14] , single graded lens itself suffices to show the effective beam injection, but it is specially targeted for a single frequency operation. On the other hand, the aperture modifier dealt in this work is looked for the effective beam injection over a range of beam-compressing frequencies and their functionalities are probed experimentally at the microwave length-scales.
Numerical Results
To demonstrate the coupling aspect of the beam compressor, PC waveguide shown in Figure 6 (a) is considered. It is made of triangular lattice arrangement of glass rods (relative dielectric constant of ε r = 5.5) of radius r = 0.4 cm and with the lattice periodicity of a 2 = 1.8 cm.
Removing the center row of rods will form the waveguide with the defect spacing of √ 3a 2 and confines the e-m wave corresponding to the defect-band frequencies ranging from 6.38 to 8.33 GHz. Figure 6 reveals the importance of the problem, as it shows the E z field map at 7.5 GHz (a) for a larger beam aperture of 6 cm and (b) for a smaller aperture of 3 cm. It is evident that the larger beam width does not couple to the PC waveguide, as most of the power is reflected back from the PC waveguide itself. On the other hand, when an incident beam width matches to that of PC waveguide width, the e-m beam is steered in to the waveguide. Hence, it is clear that the source with larger aperture cannot be integrated to any photonic device unless its spatial width is compressed. For an example, the directional cloaking device discussed in Ref. [25] is functional only with the introduction of a beam compressor. Otherwise, the concept of invisibility or transparency is lost due to the under coupling effect of the incident e-m wave to the PC waveguide.
The role of beam compressor in effective beam injection is given in Figure 7 . The E z field map given at 7.5 GHz for a larger beam aperture (6 cm) (Figure 7(a) ) shows the smooth steering of e-m beam into the PC waveguide.
In Figure 7 (b), the transmitted time-averaged power flow norm (It is the modulus value of the Poynting vector) is plotted for all the three cases (PC waveguide without the beam compressor for larger and smaller beam apertures (given in inset of Figure 7(b) ) and PC waveguide with the beam compressor for a larger beam aperture).
It is witnessed that the insertion of beam compressor between the source and the PC waveguide results in enhanced power flow, as the compressor produce the light transformation with the compressed beam width. In order to have further information on the effective coupling result, an experiment is conducted at the microwave lengthscales.
Experimental Setup and Measurements
The PC waveguide part is fabricated using the glass rods with the radius of 0.4 cm arranged in triangular lattice symmetry with the periodicity of 1.8 cm. The measured dielectric permittivity of glass rods is found to be ε r = 5.847 − j0.077. Height of the glass rods is taken to be 10 cm. The complete experimental setup is shown in Figure 8 and the scattering parameters (relative reflection and relative transmission) are measured using the vector network analyzer (N5230A). The relative scattering parameters are defined as follows 
In Eq. (4), (S 21 ) strucuture is the measured transmitted power (dB scale) in the presence of photonic structure, (S 21 ) f reespace is the measured transmitted power (dB scale) in the free space, and S 21 and S 11 are the general definition of the transmitted and reflected power (dB scale) respectively. Figure 9 shows the plot of relative parameters for various available beam apertures such as X-band horn antenna, X-band waveguide, and J-band horn antenna.
Results and Discussions
The first part of the result (given in Figures 9(a) and 9(d)) shows the relative parameters for the beam injection from a X-band horn antenna. The beam width of an input beam measured at 2 cm away from the Xband horn is found to be around 4-5 cm in the frequency range of 7 to 8 GHz. By comparing the relative transmission of PC waveguide with ((blue solid line in Figure 9 (a)) and without the beam compressor (red dashed line in Figure 9(a) ), an improvement of 5 to 15 dB transmission is observed in the frequency range of 7 to 8 GHz. In order to have clear idea about the beam injection, one can take one of the frequencies in Figure 9 (a) and Figure 9 (d) (indicated by arrows). At 7.263 GHz, PC waveguide shows the transmission loss of around 17 dB with respect to free space, whereas with the introduction of the beam compressor, the transmission loss is only around 5 dB with respect to the free space. For the return loss part (in Figure 9(d) ), it is found that the PC waveguide without the beam compressor is approximately 13 dB more reflective than the PC waveguide with the beam compressor at 7.263 GHz.
The second part of the result (given in Figures 9(b) and 9(e)) considers the beam injection with respect to the larger beam aperture (J-band horn). Since the investigated beam compressor is not sufficient to accommodate the entire wavefront, an improved transmission of 8 to 12 dB is observed only in the shaded regimes. Moreover, the relative reflected spectrum given in Figure 9 (e) reveals the higher reflectivity with respect to the free space. It is useful to mention that the beam compressor is designed only based on the commercially available rod's diameters. In case, if one further increases the rod layers along the transverse direction, the entire wavefront can be accommodated within the GRIN PC and this will also ensure the accurate representation of the triangular-index profile (one can compare the theoretical and practically realizable profiles in Figure 1(b) ). The third part of the result considers the effect of a smaller beam aperture. Though the device is not efficient for a smaller beam aperture, the collimation effect may be sought for the beam injection owing to its divergence less beam propagation. Figures 9(c) and 9(f) shows an effective beam injection with an improved transmission of around 10 dB within the frequency range of 6.8 to 8 GHz. However, it is important to mention that for a smaller beam-aperture, the empty PC waveguide may be sufficient, when the source aperture matches to that of PC waveguide mode.
CONCLUSIONS AND PERSPECTIVES
Triangular index profile GRIN PC is emphasized for the design of spatial beam compressor, as the parabolic profile is difficult to realize practically. Focusing characteristics of the triangular index GRIN PC is evaluated numerically. It is demonstrated that the frequency dependent focal lengths and the finite beam aperture play major roles in the beam compression aspect. The following results are verified experimentally at the microwave length-scales using the PTFE pillar type PC. For a larger beam-aperture, the beam compression ratio of 2 : 1 is observed at the J-band frequencies. Higher beam compression is attributed to the frequency dispersion characteristics and entrance aperture effect of the GRIN PC lens. The beam compression ratio 1 : 1 suggests the collimation effect, as the light beam is guided and undistorted over the entire device. This will happen, when an incident beam width is matched to that of the GRIN PC mode. The utility of the device for effective beam injection is investigated both numerically and experimentally. The experimental results reveal the promising features of the beam compressor, where it injects the larger spatial width e-m beams into the photonic waveguide devices with an improved transmission of 10 dB. It is observed that the investigated design also has some limitations with respect to the wavefront size, out-of-plane radiation losses, approximated triangular index profile due to the non-availability of the rods etc. It is expected that the optimization of this effective beam injector will be useful for some of the transformational and integrated electromagnetic applications such as directional cloaking, inter-connectors, transitions etc.
